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HAUSDORFF MEASURES, DIMENSIONS
AND MUTUAL SINGULARITY

MANAV DAS

ABSTRACT. Let (X,d) be a metric space. For a probability measure p on a
subset £ of X and a Vitali cover V' of E, we introduce the notion of a by-
Vitali subcover V},, and compare the Hausdorff measures of E with respect
to these two collections. As an application, we consider graph directed self-
similar measures p and v in R? satisfying the open set condition. Using the
notion of pointwise local dimension of y with respect to v, we show how the
Hausdorff dimension of some general multifractal sets may be computed us-
ing an appropriate stochastic process. As another application, we show that
Olsen’s multifractal Hausdorff measures are mutually singular.

1. INTRODUCTION

Let (X,d) be a metric space. Let F* C X, & > 0. The a-dimensional Hausdorff
measure is defined as

HY(F) = supinf Zdlam FCUI diam(l;) <€, I; is any set in X
e>0

The class of sets used to define the measure is much too large. Often we are
interested in finding an appropriate subclass which would give us the same measure,
or differ from the original measure by at most a constant factor. One way to obtain
a subclass is to consider the centered Hausdorff measure, defined as follows:

C%(F) = sup inf Zdlam i(x) F C UBj(xj), xz; € F, diam(B;(x;))<ep,
e>0 J
where B;(z;) is a closed ball in X and
CY(F) = sup C°(E).

ECF
It turns out that the centred Hausdorff measure is within a constant multiple of
the ordinary Hausdorff measure, and so the two dimensions coincide. We consider

a more general Hausdorff measure as follows:
Let V be a Vitali cover for FF C X, and let P(X) denote the family of Borel
probability measures on X. For pu € P(X), we define the p-Hausdorff measure
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(with respect to V') as follows:

Hy(F:V) = s;lginf Z,u([j)a 1 F C UIj, wlj)<e IL;eV, [ NF#(
J J

Let dim, (F : V') denote the corresponding Hausdorff dimension. When we take V'

to be the collection of all closed balls centered in F, we will simply write H{j(F) and

dim, F'. Given a Vitali cover V of supp u, we introduce the notion of a b,-Vitali

subcover V,,, and show that for any £ C supp p,

HUE:V) < HU(E:V,) < H(E:V).

We intend to show the existence of a b,-Vitali subcover in a special setting, and
show two applications of the result obtained above. In order to motivate this, allow
me to digress and quickly summarize another line of thought.

Fractal measures are most often constructed using an iterative process. Thus
the symbol space, or the string space, is of paramount importance in the analysis
of the measure. One of the consequences of the iterative process is the construction
of a collection of sets C, called cylinders. Computations involving the measure are
more naturally carried out by using these cylinder sets. But for a given metric
structure, we are really interested in deducing the behaviour of the measure with
respect to the closed balls, B. This immediately leads us to ask if the Hausdorff
dimensions computed using these two classes are equal. Billingsley [2] proved this
for certain subsets of R. Cutler [4] introduced the notion of bounded Vitali covers,
and extended Billingsley’s idea to include a larger class of subsets of the real line.

Consider now the following problem: Let u be a Borel probability measure on
X and let B¢(x) be the closed ball of radius € centered at x. For z € X define the
local dimension of y at x as

. loguB(z)
= lim 8 HP\T)
() Py log diamB, (x)’

if the limit exists. For a > 0, consider the set
K = {z €supp p: a,(x) =a},

where supp p is taken to be the topological support of . Typically, the sets K (@)
are dense in supp j. Intuitively, for fixed o, we may think of K(® as the collection
of points where the measure scales as «, i.e. uB(x) < e¢*. What can be said about
the Hausdorff dimension of K(®)? Although not much is known for general metric
spaces and arbitrary measures, much has been accomplished from the point of view
of multifractal theory. Halsey et al. [T2] argued that certain fractals carrying a
natural measure may be analyzed in terms of the scaling properties of the measure,
i.e. they may be decomposed into multifractals. Cawley and Mauldin [3] were the
first to provide a geometric measure-theoretical framework for such a decomposition
for Moran fractals. Edgar and Mauldin [I0] carried out the analysis for graph
directed self-similar measures in R? with totally disconnected support. Olsen [I6]
proposed a multifractal formalism that included the above analyses. Olsen’s paper
also contains a comprehensive account of the development of the theory and lists
some important references. Attention has primarily focussed on the situation where
X is taken to be a d-dimensional Euclidean space, and p is a self-similar measure
with totally disconnected support. Arbeiter and Patzschke [1] considered random
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self-similar sets satisfying the open set condition. In much of the literature, the
Hausdorff measure is calculated either by using the mass distribution principle
or by explicit estimates. In this paper, we show how Billingsley’s idea may be
used to compute the Hausdorff dimension of K(®) where y is taken to be a graph-
directed self-similar measure in R? satisfying the open set condition, thus answering
questions posed in [10} Question (d)], [16] Question 7.8], and [15, Page 58], among
others. We are aided in our analysis by explicit relations between closed balls and
cylinders, as obtained in [7].

Let us now return to the original idea of a b,-Vitali subcover. As an application,
we consider a more general local dimension. Let u, v be two graph-directed self-
similar measures satisfying the open set condition. For a > 0, we are interested in
the Hausdorff dimension of the following set:

. log p(Be(x))
K@ _ ' logu(Buw) S
{x € supp 4 : m log v(Be(x)) )

It turns out that in order to compare the collections B and C' in this case, we
need to first compare subcollections B, and C,, which incidentally turn out to be
b,-Vitali subcovers.

As another application, we consider Olsen’s multifractal Hausdorff measures,
generalize them and give an answer to his question [16, Question 7.9] in this more
general setting.

2. b,-VITALI COVER

We introduce the notion of a b,-Vitali subcover of a Vitali cover V.

Definition 2.1. Let pu be any probability measure on X, let F' C supp u, let V' be
any Vitali cover for F', and let V,, be a subcollection of V' such that:
For each x € F, there exists a nested sequence of sets from V' denoted (I;(x));
such that
(1) z € Ij(z) for each j.
(2) u(;() = 0 as j — oo,
(3) For any z € F and any B € V with x € B, there exists j € N (j dependent
on x) with I;41(z) C B C I;(x).
(4) inf;(log u(I;(x))/log pw(Ij11(x))) > by, 0 < b, < 1.
Let V, = (I;(2))jenzer. If V, exists, then we will call it a b,-Vitali covering of
F with respect to V.

Theorem 2.2. Let V' be a Vitali cover for F = supp u, and suppose there is a
subcollection V,, which is a b,-Vitali subcover of F with respect to V. Then for any
ECF,

HY(E:V) < HA(E:V,) < H(E:V).
Proof. Clearly,
HL(E:V) <HG(E:V,),
since V,, is a subclass of V. For the reverse inequality, consider the set

log u(1;(x))

1
Ermn=<z€FE:ul,(x))>—andj>m=> ———""—>b,—— 7.
o = {7 € B (e > and AT >
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Then,

£ =UUU B

k. m n
Fix k,m,n € N. Let p < % and let (B;) be a pu — p cover of Ej , , using sets
from V. By the definition of a b,-Vitali subcover, we can choose j(¢) such that
Liiy41(xi) € B; C Ij)(z;). By our choice of p, we must have j(i) > m. Since
i € By mon, we get

log (L (i) () , 1

log pu(Z(a) +1( )
= S il < Y awale) R < 3 u(B) D
= H;, (Ekmn V) < MO D (B V)

= H(E:V,) < H™(E:V).

d

Corollary 2.3. Let V be a Vitali cover for F' = supp p, and let V,,be any corre-
sponding b,,- Vitali subcover of F' with respect to V. Then for any £ C F,

b, dim, (£ :V,) < dim,(E: V) < dim,(E : V,).
We may strengthen condition 4 in Definition to require that:
: logn(I;(x)) _

(&) iy g5 Tty = bu
Let V,, = (I;(x))jenzer. Then we will call V,, a strong b,,-Vitali covering of F' with
respect to V

We may now obtain stronger conclusions in Theorem 2.2 and Corollary 2.3l We
state them without the proofs:

Theorem 2.4. Let V be a Vitali cover for F' = supp u, and let V,, be any corre-
sponding strong b,,- Vitali cover of F' with respect to V. Then for any £ C F,

HY(E:V,) = H(E:V).

Corollary 2.5. Let V be a Vitali cover for F' = supp p, and let V,, be any corre-
sponding strong b, - Vitali cover of F with respect to V. Then for any E C F,

b, dim,(E : V,) = dim,(E: V).

3. HAUSDORFF DIMENSION I

In this section, we describe how the Hausdorff dimensions may be computed
using an appropriate stochastic process. When we realize the stochastic process
in the Euclidean space, the natural sets are called cylinder sets, as for instance,
the r-adic intervals, or the line segments obtained in the construction of the clas-
sical Cantor set. Now the Hausdorff dimension computed using these cylinder sets
may not be the same as the one computed using closed balls. We will show that
the two dimensions actually coincide when we use graph directed self-similar mea-
sures. We first investigate the p-Hausdorff dimension of a set with respect to the
Lebesgue measure. This will motivate the difficulties that arise when computing
the p-Hausdorff measure with respect to another measure v.
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3.1. Preliminaries. Let {z1,22,...} be a stochastic process defined on a proba-
bility measure space (€2, B, 1t). Suppose that the state space of the process is a finite
set o, the states of which are given by o = {1,2,..., N}. An n-cylinder is a set of
the form
{w:zp(w) =ag,k=1,2,...,n},

where (a1, as,...,a,) is a sequence of states. Let C' denote the collection of all such
n-cylinders, where n = 1,2, .... The cylinder Hausdorff measure was introduced by
Billingsley in [2]. Let dim, (M : C') denote the corresponding cylinder Hausdorff
dimension. Billingsley proved the following result.

Theorem 3.1. Let p, v, be any two measures corresponding to the same stochastic

process. If
M C {wEQ:limwzﬁ},
n log p(cn(w))
then
dim,(M : C) =0 dim,(M : C).

We now introduce the space of strings and the relevant sets and measures. Let
(V, E) be a directed multigraph, where V is the set of vertices and E' is the set of
edges. For u,v € V, there is a subset E,, of F known as the edges from u to v.
Let Ey = U,cy Buv- For e € E, let i(e) denote the initial vertex of e, and t(e)
be the terminal vertex of e. A path in the graph is a finite string v = y17v2 ... v
of edges, such that ¢(y;) = i(y;41). Let ng,) be the set of all paths of length k
that begin at v and end at v. Let Eq(fc) be the set of all paths that are of length
k and begin at u. Let E} be the set of all finite paths of any length that begin
at v and £* = (J,cy £. An infinite string over the alphabet E corresponds to
an infinite path if the terminal vertex for each edge matches the initial vertex of
the next edge. Let E&w) be the set of all infinite paths starting at w € V, and
let B¢ = ,cv EY). For a € E*,0 € E@, we say that a < o, if there exists

TE Et((w(j), such that o = ar. If a € E*, let

[a] = {0 € E¥) :a <0}
and we call it the cylinder set generated by a. Let o|k denote the finite string
comprising of the first k£ symbols of o.

Let G be a MW Graph with probabilities (see [9]). G is said to satisfy the open
set condition (OSC) iff there exists a list (U, )yev of sets, where U, is a non-empty,
open and bounded subset of X, satisfying

(1) UeeEu Se(Ut(e)) CU,, YVu €V.
(2) Se(Uyey) N Ser(Upery) =0, Vu €V, e, e € By, e# €.
Further, if U, N K, # 0, Yu € V, then G is said to satisfy the strong OSC (SOSC).

By the boundary of a set A C R?, denoted dA, we will mean the collection of all
points belonging to the closure of the set A and to the closure of the complement
of Ain R?. Let J, be a non-empty compact subset of X,. Its existence has been
guaranteed by Schief [T9] and Wang [21]. Since int(J,) # 0, £4(J,) > 0, where
£ denotes the d-dimensional Lebesgue measure. For e = ejes...e, € E*, we let
S(e) =S¢, 08e,0...08, , and let

I =1 SelJue))-
EEEv(.Ln)



4254 MANAV DAS

Then

oo
Ky= )M,
n=1

There is a model map h,, : Eff) — X, for each u € V, defined so that h, (o)
is the unique element of the set (1, Son(Ji(o|n))- S0 Ky = Ryl ff)). For 7 =
TITo...Tn € E*, we let K(17) = S:(Kyr)), r(1) = r(1)r(r2)...7(ma), p(1) =
p(Tl)p(TQ) . 'p(Tn)a Tmaz = max{r(e) rec E}7 Tmin = min{r(e) rec E}a Pmaz =
max{p(e) : e € E}, pmin = min{p(e) : e € E}. Let G be a MW graph. For s > 0,
define a matrix A, with rows and columns indexed by V:

A, = < g rZ) .
ecFE,, w,v

Let ®(s) be the spectral radius of A,. The solution of ®(s) = 1 is the dimension of
the graph G [14]. For v € Ej,, we have p(y) = >_ ., p(ve). Therefore, for each

u € V, there is a unique measure ji, on ES) with fu([Y])) =p(v), V~vyeE]; Let
fw = fiu, © h . Then Hutchinson [13] has shown that p, is the unique probability
measure supported by K, such that

fu = Y Peb(e) © o -
eckE,

The measure p,, is called the self similar measure corresponding to the MW graph.
For 7 € B}, let J, (1) = S-(Jy(+)). Let A(q,3) be the square matrix with rows and
columns indexed by V as follows:

Au(a.8) =Y ple)'r(e)’.
e€EFE

For a given ¢, there exists a unique [ so that the spectral radius of A(q, () is 1.
Since A(q, 8) has spectral radius 1, there exist positive right and left eigenvectors
Pvs Ay With

Z Z p(e)qr(e)ﬁpv =pu, YVuely,

veEV e€EE
Z Z Aap(e)ir(e)’ =\, VwveV.
u€EV e€Fyy

By the Perron-Frobenius Theorem [20], A,, p, > 0. Let

P(e) = pyp(e)r(e)’ po.

Consider the Markov chain (X}) with state space V, and transition probabilities
P(e). Then m, = Aypu, u €V, constitute a stationary distribution for the Markov
chain.

The transition probabilities P(e) also give rise to the measure [L(uq), q € R, where

each cylinder [vy], v € Eyf,), is assigned the measure

D) = pi o) () o

These measures were defined and studied by Edgar and Mauldin [I0]. For our
purposes, we need a measure defined for the entire graph. This may be done using
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the stationary distribution. Let
P'(e) = m,P(e), where e € Ey,.

For v € E*, we let

D)) = Xigyp (1) (1) pec-

This gives us a unique probability measure /i(? on E“). It is therefore clear from
the uniqueness of the extended measures that

~(q) _ ﬂ(q)|Eq(Jw) .
@) (E)

Consider once again the matrix A(q, 3), whose entry in row u and column v is

Auw(g.8) =Y ple)'r(e)’.

e€FEyy

For a given ¢, let ®(q, 5) be the spectral radius of A(q, 3), and let 3 be the unique
value such that ®(q,3) = 1. This defines 3 as an analytic function of ¢. Define
a = —% and f(a) = ¢ a+ . We may sometimes write o = «, to emphasize its
dependence on the measure pu. These functions have been studied by [10].

For z € K,,, a € R, a > 0, we will call « the local dimension of u at x if

logp(Bi(e)
e—0 log diam(B.(x))

Note that the existence of the limit is part of the definition. Most of our attention
will be directed toward the following sets:

K@ _ K, lim —— 2

u {xe P log diam(B.(x)) “f

qua) _ O’GEz(Lw): lim%ﬂ):a .
k—oo logr(olk)

Since we will be dealing with ratios of logarithms, we will adopt the following
conventions. For 0 < o, ¢ <1,

logo  logl logl
log0  logs log0
log0  logo logO
log¢  logl logl
log0  logl 1

log 0 log 1 '

The following result essentially allows us to move “pointwise” from the space of
infinite strings to the Euclidean space. It was proven in [7] that:

Theorem 3.2. There exists a set D, C E“) such that for z € K, \ hu(Dy),
T € Kfta) — hl(z)=o0¢c fg@.

Moreover, u&q)(huDu) =0 for every q € R.
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3.2. Dimension using Lebesgue measure. Consider the invariant set, K,. Let
F C K,. Let C, be the collection of all the cylinder sets in the construction of
K,. Clearly, C, is a Vitali cover for K,. Let dim® denote the centered Hausdorff
dimension. It is our purpose in this section to first show that

dimF = dim°F = dim(F : Cy,).

Then we will use Theorems B.1] and to obtain the Hausdorff dimensions of some
multifractal sets.
We wish to begin with the following geometrical result, which is motivated by
Schief [19], but first we need a definition:
Given k € EX, x € K, N Jy(k), a> 0, let
Ik,z,0) ={T € E}; :r(7) <r(k) <r(t7); Ju(T) N Ba(z) # 0}.
A different form of the following proposition is given by Lemma FET].

Proposition 3.3. Let G = (V, E) satisfy the OSC . Let ¢ > 0 be given. Then there
exists a constant y such that:

For anyu eV, and k € E, any x € J,(k), and any o > 0 with o < er(k), and
x € Ju(k) C Bu(x), we must have

#1(k,z,a) < 7.

Proof. Let u € V. Let J, be the compact set guaranteed by OSC. Let ¢ > 0 be
given and let y € K, Nint(J,). Then there is an € > 0 such that B.(y) C int(.J,).
For any 7 € E*,

ST(BG(y)) = BE’I‘(T) (ST(y))
Let 0,7 € I(k,x,a). Clearly, there is no s € E*, such that 7 = os or 0 = 75 (i.e.
o, 7 are incomparable). Thus,
So(int(J,)) NS, (int(J,)) = 0.
Since, B.(y) C int(.J,), we obtain

SU(Be(y)) N ST(BE(y)) = 0
= Ber(o)(sd(y)) N Ber(r)(s‘r(y)) = @
= d(S-(y), 5:(y)) = (r(o)+r(7)) e
where d is the Euclidean metric in R?. -
Since o, 7 € I(k,z, ), we obtain r(c) < r(k) < r(c~). Thus, r(k) < TT(U)
Similarly, r(7) > Tmin 7(k). So we get,
d(So(y), S+ (y)) > 2 rmin (k) €.

Consider the balls of radius § r(k) 7mi, around the points S-(y) : 7 € I(k,z, ).
These balls are pairwise disjoint, and their centres, S;(y), lie in a larger ball of

€

radius (5 7(k) rmin + diamBq(z)), centred at . Using Lebesgue measure,

2
25 r(k) rmin + diamB,(z) d
€ r(k) Tmin

<e Tomin + 20) d O
€ T"'min '

#l(k,z,a) <
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We now go on to the main result of this section.

Theorem 3.4. Letu €V and let E C K,,. Then
HYE) < HYE:C,) < 2% HYE).
Proof. Tt suffices to show that
HYE :Cy) < v 2% HYE).
Let § > 0. Let E C |J; Bj(z;), where z; € E, diamBj(x;) < 6, and each Bj(x;)
is a closed ball in R¢. Since C,, is a Vitali cover, there exists Iy (z) € Cy, such
that
diam(Iy(jy—1(z;)) > diam(B;(x;)) > diam(Iy;)(z;)).
Then,
T (x5) € Bj(x;).
Also,
diam(Bj(z;)) < diam(lp;)—1(x;))
diam(]k(j)(xj))
Tk (4)

diam(]k(j)(xj))

'rma:v

By Proposition B3] we have

ENBj(z;) € |J Ik(),
k=1

where (B.()
. . diam(B,(x;
(i) € 1 ()5, SRR,

Moreover,

~

Zdiam([k(j))“ <y diam(Iy;)(2;))" < v diam(B;(z;))?,

k=1
so that

inf{» diam(L;)* : E C | JI;, I € gy, diam([;) < &}
j J

<~ inf{)_diam(B;(z;))* : E C | Bj(x)), =; € E, diam(B;(z;)) < 6}.
J J
Letting § — 0, we obtain

HO(E : C,) <y CY(E) < C(E) < v 2° HY(E),

SO
HY(E) < HYE:C,) < v 2% HY(E).

Corollary 3.5. Letu €V and let E C K,,. Then
dimFE = dim(E : Cy).
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Theorem 3.6. Let G = (V, E) be an MW graph satisfying the OSC, u € V and let
1= iy be any corresponding self-similar measure supported on K, . If

log p(Be(x)) _
Fe {x € Ky lim log diam(B.(x)) 0} ’

then

dim F' =0 dim, F
In particular, if p(F') > 0, then dim F' = 6.
Proof. Let x € F. By Theorem 3.2, we get

. logp(cn(x)
] — 0.
00 log (e ()

By Theorem B.1] we obtain dim(F : C,) = 6 dim, F. By Corollary B.5] we get
dim F' = 6 dim,, F. O

As a corollary, we obtain a result proved in the random case in [I], and answer
questions posed in [I0} Question (d)] and [16, Question 7.8].

Corollary 3.7. dim K(® = f(a).

Proof. An easy computation (using Theorem [3.2]) shows that

log !9 (Be(z))
ve = log diam(B.(z)) f(@)
Take = (9 in Theorem B8 Since p(9)(K(®)) = 1, the result follows. O

Note that the proof of Theorem depended heavily on the finiteness of the
number of cylinder sets that may intersect a ball of a given radius, about the point
x;. This is essentially possible due to the uniform distribution and translation
invariance of the Lebesgue measure. It therefore breaks down when we try to
compute the Hausdorff dimension with respect to other measures. In an attempt
to do this, we obtain a b,-Vitali subcover which has this nice property.

4. HAUSDORFF DIMENSION II

Before we go any further with our discussions of the Hausdorff dimension, we
need to create the appropriate framework. We will quote some pertinent definitions
and results (without proofs) from [7]. In this and the next section, we show two
applications of the notion of a b,-Vitali subcover.

4.1. Preliminaries. The diameter of a cylinder set is nothing but the Lebesgue
measure, suitably normalized. Thus all our notions and definitions make sense when
considered with respect to measure v, where v is defined by some different initial
probability distribution. Suppose we assign two sets of probabilities p(e), p’(e) of
traversing the edge e. Then we may change the matrix A(g, ), so that its entry in
row u and column v is
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Let p, v be the probability measures corresponding to the probabilities p(e), p'(e),
e € E, respectively. Then we may define the functions 3,, and o, , as before.
Then standard computations show that o, = Z—“, and similarly, we may obtain

flop,) = {cgz“; Also it is easy to deduce that ®(0,1) = 1 = ®(1,0), where ®(q, 5)

is the spectral radius of A(q, ) defined in terms of p(e), p'(e), e € E.
For K CR? o €R, let

. log,u(Be(fC))
(@) _ "0 log v(Be(z))
K {x € supp p : lim logv(B.(x)) "

We are interested in the p-Hausdorff dimension of this set.

Let E&l) = {e1,e2,...,e,} and let Jy(ex) = S, (Ji(er))s k= 1,2,...,u. Let
7 € E7. Then 7 is called a u-stopping iff

Kir)nJdyleg) =0, VEk=1,...,u; k# 7|1

For each u € V,v € N(u), there exists er, € E}, such that er, is a stopping for

every e € E,,, and that moreover, |er,| =m, Yu € V, v € N(u), e € E,,. Let
S, ={s € E}:|s| = |r,|,es is a stopping for every e € Ey,},
S.={es:s€8,,vEN(u),e€ Ey,}

Let S = U,cy Su denote the set of stoppings of length m, ie. for every 7 €
S, |r| = m. Let 7 € S,. Suppose 7 = eTiT2...Tm-1, where e € E,, for some
v € N(u). Then 7~ = erq,...,Tm—2. Let d(7) = min{d(z,y) : = € 0J,(7), y €
0Ju(er), er € EX e #e}l. U r(r™) <d(r),let N, = 1. If r(7—) > d(7), then
choose N, € N, smallest, such that r(77) 2= < d(7). Clearly, such N, exists.
Let N, = max,ecsN;.

For o € Eff), let A; be the event that ;0,41 ...04m—1 €S, X;=14,, and
choose ji (o) such that

Jx (o)
Z X; =k+1.
k=0
If x € K, such that h;!(z) = o is unique, then let
si(o) = sk(x) = jp(o) + N + m — 1.

When o is fixed or its meaning is clear from the context, then we will write ji (o) =
Jks Sk(0) = sg. Let

Rl — Ufi(f%
ueV
w . Kk
D, = oce B - — 07,
k(o)
D = [JDu,
ueV
K = UKU.
ueV

Given k € E}, x € K, N J,(k), a >0, let
Lu(k,z,a) = {7 € Ej : p(1) < p(k) <p(r7) ; Ju(r) N Ba(z) # 0}
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Lemma 4.1 ([7], Lemma 3.5). Let w € V and let SOSC hold. Let 0 = 11772,
where 71 € E* with t(11) =u, 7 € Sy, T2 € Etjz;'). Then there is a constant v such
that:
For any o € E* as above, any x € Ji(7,)(0), any u € V, and any o > 0 with
a<r(o7), and x € Ji(7,)(0) C Ba(x), we must have

#1,(0,2,0) < v and #I(0,z,a) < 7.

It is known that for ¢, «, as defined earlier, we have (9 (I?(o‘)) = 1. Given
k € N, let ex(x) = ex(0) = max{d(x,y) : y € 0J,(clk)}. We need the following
result.

Lemma 4.2 ([7], Lemma 3.9). Let x € K,, such that h;;'(x) = o is unique. Then

(i) z €Ny Julo]sk).
(i) = € Ju(olsk) C Be,, (z) and

K.NB,, (z) € U Ju(t) C Ju(oljx — 1) € Julo|je—1).

tel, (a'\sk,a;7esk)

Let S denote the set of stoppings, where we choose all our stoppings to have
length m. For an infinite string o, let Xx(o) = 1 if opogs1...0k+m—1 € S and 0
otherwise. Suppose ji (o) denotes the k + 1-st occurrence of a stopping in o. Let
sk = jr(0) + N +m — 1. For a given o, let S(o) denote the set of all e € E such
that e occurs infinitely often in . Let Ni(o, ) denote the number occurrences of
a fixed finite string 7 in the first k& positions of . When ¢ is fixed, we will simply
say Ni (7). We now make the following two assumptions:

(A1) 0 <lim; =9 <1 Ve € S(0).
Lemma 4.3. Let A denote the set of all infinite strings that satisfy (Al) and (A2).
Then [i'9(A) = 1 for every q € R.

— 1.

Proof. We will need to modify our stoppings. Let S’ denote the modified stoppings,
where each stopping is now of length M, and M is chosen to ensure that if we look
at all paths of length M in G, then we obtain a new graph G’ which is again strongly
connected.

Let o be an infinite string that satisfies (A1) and limy N’;C”—]{/[(T) > 0 for some
7 € §'. Then o will satisfy (A2) also. These two conditions, in turn, are certainly
satisfied by any string o that has the following two properties:

(i) 0 < limy M) <1 ve e B.

(i) 0 < limy, X0 < 1 vr ¢ EON,
Now G and G’ are strongly connected and so by the ergodic theorem, these two
properties are satisfied fi{9)-almost always. So for each ¢ € R, we may choose strings

that possess these properties, and these will then also satisfy assumptions (A1) and
(A2). O

Lemma 4.4. Let 0 € B and x = hy (o). Suppose o satisfies (Al) and (A2).
Then
1 lo B., (x
(i) Tim ogp(o|sk) _ g 1(Be,, (7))

- d th limit St
k logr(o|sk) e log diam(B,, (z)) Ana@ hese [Wmits eris
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1 k 1 B,
(ii) liminf log plolk) = liminf M and this value is equal to the
k logr(o|k) e logdiam(B.(z))
value of the limits in (1).
s logp(alk) . log p(Be())
1 — = =1 —
(i) 1mksup log r(o|k) H s log diam(B.(x))
Proof. The proof is the same as that for Propositions 4.3 and 4.4 in [7]. O

Lemma 4.5. Let 0 € B and let 2 = hy (o). Suppose o satisfies

(i) 0 < limy 29 <1 ve ¢ B.

(ii) limy N’“T(T) >0 for some T € S". Then

logp(olk) _ .~ logp(Bc(x))

s log r(o|k) ch log diam(B.(z))’
and these limits exist.
Proof. Under the given assumtions, limy izi L EZ}:; exists. The result follows from
Lemma 44 O

The following result (|7, Theorem 4.2]) essentially allows us to move “pointwise”
from the space of infinite strings to the Euclidean space:

Theorem 4.6. Let 0 € E), = hy (o) and suppose o satisfies (Al) and (A2).
Then
logp(alk) _ .~ logu(Be(z))

T log r(o|k) ' log diam(B.(z))’
whenever one of these limits exist. Moreover,
(i) (A1) and (A2) are valid [i'D-almost everywhere for each q € R.
(ii) The given limits exist and are equal i'? -almost everywhere for each q € R.

Proof. Follows immediately from Lemmas 3] E.4] and O

We are now ready to analyze these general multifractal sets.

4.2. u-Hausdorff dimension. Let F,, = K, \ D,. For each z € Fy, let si(x) be
as defined, p = p,, be any probability measure on F, constructed as before and
finally, let

B, (Be., (%) : k€N, z € F,),
B = (B(z,r):z€F,, r>0),

C, = (Ju(olsk) k€N, o€h,'(F,)),
C = (Julolk):keN, oeh, (F,).

Proposition 4.7. For EC F,,
(1) Hy(E: B,) = H;(E: B).
(2) Hy(E:Cu) = H(E:O).
Proof. Both follow from the observation that B, is a strong b,-Vitali cover of E

with respect to B, and C), is a strong b,-Vitali cover of E' with respect to C, with
the choice of b, = 1. It is then an immediate consequence of Theorem 2.4 (I
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Corollary 4.8. For E C F,,
(1) dim,(E : B) =dim,(E : B,).
(2) dim,(E : C) =dim,(E : C}).
Theorem 4.9. Let E C F,. Then
Hy(E:B) < Hy(E:C) < v H,(E: B).
Proof. By Proposition [£.7] it suffices to show that
Hy(E:B,) < Hy(E:Cu) < v H(E:By).
We first show H{}(E : C),) < v H{(E: B,). Let 6 > 0 be given and let (B;(x;));
be a pi—&— B, cover of E. By our definition of Bj(x;), we can choose I,;)(z;) € Cy
such that
diamB;(z;) = 2 max{d(z;,y) : y € Oy;)(z;)}
Then we have
Te() (x5) € Bj(x;)
and by Lemma [Z2(ii),

§
Bj(x;) N Ky C [ I(j),
k=1
where
L) el, (k(jm,

Thus, by Lemma [£T] we may obtain

diam(?(%))) '

DTG <y plTugyy (@5))* <y p(By ()"
k=1

But § > 0 was arbitrary. So,
H(E:Cu) < v H(E: By).

Now the reverse inequality:
Let us denote B, = (Bj(z):j €N, z € F,)). Let N = N, +m — 1. Consider

, . log (B, () i
Eimn = {x € E: u(Bpn(x)) > - and j > m = m > 1- E}
Then
E={JUJUUErmn-
k m n
Fix k,m,n € N. Let p < % and let (I;(z;)); be a p— p — C,, cover of Ej ,, . For
each i, let Bj(;)(z;) € B, such that
diam By (7;) = 2 max{d(z;,y) : y € OL;(w;)}.
Then, we have
Ii(wi) C Bjgy(zi),
and by Lemma [£.2(ii),
Koy N Bjgiy+n(xi) € Li(2i).
By our choice of p, we must have j(i) > m. Since x; € Ej pmn, We get

log pu(Bj() (1)) 11— 1

log 11(Bj (54~ (2:)) k
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Therefore,
1(Bja) (2:))™ < p(Bjayen () 8 < p(Ii(a)) >0,
from which it follows that
al(l_L
HE (B = Bu) < HEF (Blnn < Cu)

so that
HL(E:Bu) < Hy(E:Cp).

Corollary 4.10. Let E C F,,. Then
dim,(E : B) = dim,(E : C).
We are now ready to analyse the more general multifractal sets.

Theorem 4.11. Let G = (V, E) be an MW graph satisfying the OSC, u € V and
let p= py, v =1y be any corresponding self similar measures supported on K, . If

iy 108 U(Be(x))
pefrene mRlE )

then

dim, F' = ¢ dim, F.
In particular, if p(F') > 0, then dim, F = 0.
Proof. Let x € F. By Theorem [£.6, we get

log u(eals)
A Togvlen(a) 0

Using Theorem 3.1} we obtain dim, (F' : C) = 6 dim,(F : C). So by Theorem E.3]
we get dim, (F' : B) = 6 dim,(F : B). But B is just a centered ball covering. Thus
by definition, we get

dim, F' = 6 dim, F.

Corollary 4.12. Let o =y, ,,. Then dim K@ = f(a).

Proof. An easy computation (using Theorem [6]) shows that

. log 49 (Be(x))
K@ — 1 = :
v 8 log v@ (B (x)) — 7
Take p = p(9, v = (9 in Theorem EITl Since p(9(K(®)) = 1, the result follows.
(]
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5. MULTIFRACTAL HAUSDORFF MEASURES

The multifractal Hausdorff measures were introduced by Olsen [16]. Let ¢,p € R
and let a(p), a(q) be as defined in Section [3.I] Olsen showed that for a graph-

directed self-similar measure p with totally disconnected support, if a(p) # a(q),

then the multifractal Hausdorff measures Hﬁ’u and Hq’ﬁ @ are mutually singular.

It is open as to whether this remains true when the support of u satisfies the SOSC.

In this section, we first generalize Olsen’s definition in a natural way to take
into account two different measures p and v, and then use the notion of a strong
b,-Vitali cover and the techniques in Section 2] to show that these more general
multifractal Hausdorff measures are also mutually singular, which in particular,
provides an answer to [I6, Question 7.9].

5.1. Preliminaries. For E C R% let B = (B(z;,7;)); be the collection of all
closed balls in RY. Let P(RY) denote the family of all Borel probability measures
on R, Let u,v € P(RY). For § > 0, B is called a centered v — d-covering of E if
E C\J,B(zs,r:), ®i € E and 0 < v(B(xz;,13)) <6, V1.

Let B be a centered v — §-covering of E. For ¢,t € R we define the multifractal
Hausdorff measure (with respect to v) as follows:

Hu vs(E) = inf { Z,u (z4,73)) W (B(z,74))"
E C|JB(zi,r:), B(ai, 1) €BY @}

Hs(0) =0,
Fo(B) = sup L, 5(F),

v
ML (E) = sup Hy, (F).
FCE
Let V' denote any of the collections B, B,, C, C, as defined in Section @2l We
will denote the corresponding multifractal Hausdorff measure by
HEL(E V).

When we restrict our attention to subsets of a compact set K, Olsen’s measures
may be obtained by taking v to be the Lebesgue measure suitably normalized to
K, and thus may be replaced either by the diameter of the ball, 2r;, or by the size
of a cylinder set, (). Our main result may then be stated as follows:

Let G = (V,E). Let p, v be any two graph-directed self-similar measures satis-
fying OSC. If ¢,p € R and a(p) # a(q), then

B B3
Hﬁﬂ,(p) 1 HZJ/(Q)'
We briefly outline the proof: we may compare 'HZ’E(‘]) (E : C) and (9. We show
that
HY(E:B,) = HY(E:B),
HZ’fV(E :C,) = HZ’fV(E : O).
Next, we show that there exist positive constants C, Cs, such that for all ¢,t € R,
C1 HY (B : B) <HLL(E: C) < Cy HY! (E: B).
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Finally, we may use the mutual singularity of the measures ;{9 and u® to deduce
our result.
5.2. Mutual singularity.

Proposition 5.1. Let ' C R, let u,v € P(R?), and let V be a Vitali cover for F.
If V,, is a subcover such that it is a strong b,-Vitali cover of F with respect to V,
and a strong b, - Vitali cover of F with respect to V, then for any E C F, q,t € R,

HY(E:V,) = HIw(E:V).
Proof. Consider the set

1
Ekmn = {x EE : v(y(x)) > - and j > m
1 log p(I;(z)) 1 }
= bp— < —— L= <by+—, p=p,v,.
Pk T logpa(@) — 7T RPN

Then,

E = LkJU U Exomon-

Fix k,m,n € N. Let p < % and let (B;) be a v — p cover of Ej ., using sets from
V. By the definition of V},, we can choose j(i) such that

Liy1(zi) C Bi C Ly (z4).
By our choice of p, j(i) > m. Since z; € Ej yp.n, We get
(5.1) (L)1 () P8 < p(Iiy(23)) < Loy (@) 270, p = p, v
We show how the proof works for ¢ > 0, ¢t > 0:
_1 _1
ZH(Ij(i)(fi))qV(Ij(i)(Ii))t < ZM(Ij(i)H(%))Q(b” (T4 (@) %)

1

< DBy BBy,
from which it follows that
HEL(E V) < HPw™(E: V).
Similarly, by using the opposite estimate for the measures in Equation (5.1]), we

may obtain the reverse inequality. The other cases for ¢, € R, may be dealt with
by choosing the right combination of estimates in Equation (BTI). O

From now on, we will be concerned with the graph directed measures. We will
therefore write yu = p,, and v = v,,.

Corollary 5.2. For E C F,,
(1) HZ’L(E :B,) = HZ’fV(E : B).
(2) HLL(E:Cy) = HYL(E:O).
Proof. Both follow from the observation that B,,, C,, are strong b,-Vitali and strong

b,-Vitali covers of E with respect to B, C respectively, and that b, = b, = 1. It is
then an immediate consequence of Proposition [G.11 O

Proposition 5.3. Let E C F,. Then there exist positive constants C1,Cs, such
that for all q,t € R,

Cy Hi(E: B) <HLL(E:C) < Cy HY(E : B).
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Proof. By Corollary B.2, it suffices to show that
Cr HL(E: B,) <HL(E:C,) < Cy HY(E = By).

Let § > 0 be given and let (B;(z;)),; be a v —§ — B, cover of E. By our definition
of Bj(x;), we can choose I;(;)(x;) € Cy such that

diamB;(z;) = 2 max{d(z;,y) : y € Oy;)(z;)}
Then we have
Ty (5) € Bj(x)-

Using LemmalZT] with measure p and v, along with Lemmal[Z2(ii), we may deduce
that there are at most 2y cylinders such that

%%M&gahm
where =
) € 1 (409,25, S BEDY 1, () 0, BB
Moreover,
(5-2) p(Ik(5)) < p(Inij) () < p(Bj(x;)), p=p,v.

Thus for ¢ > 0, t > 0, we obtain the following;:

2
S I (@G < 2y pllig) (7)) v Ty ()"
k=1

< 2y p(Bj(5)) v (Bj(x;))"-
But § > 0 was arbitrary. So,
HE(E:Cy) < 2y HYL(E: By).
Let us denote B, = (Bj(z;):j € N, z € F},). Let N = N, +m — 1. Consider

1
Exmn={x€E : v(Bn(x))>—andj>m
n
1 log p(B;(x)) 1
5.3 = 1--< —————~=< 14+ —, p=pu,v}.
) k= Togp(Bron (@) k )
Then
E=UJUUEkmn
kEk m n

Fix k,m,n € N; let p < 1 and let (I;(z;)); be a v — p — C,, cover of Ej . For
each i, let Bj(;)(x;) € B, such that
diam By (7;) = 2 max{d(z;,y) : y € OL;(7;)}.
Then, we have
Ii(zi) C By (i)
and by Lemma [2[(ii),
Ky N Bjgyen(wi) C Ii(x;).
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By our choice of p, we must have j(i) > m. Since z; € Ej y.n, We get

_1 _1
1(Bja) ()W (Bjiy (x:)" < u(Bjayan ()R w(Bjay g () )
< p(L(a) T (I () ),

N

from which it follows that
HZ’)&,(E :B,) < 'HZ’fV(E :C).

For the other choices of ¢, t € R, we may choose the appropriate estimate from
Equation (522 and Equation (B.3). O

Theorem 5.4. If q,p € R,a(q) # a(p), then

B B3

Hﬁﬂ,(p) 1 HZw(q)'
Proof. Observe that for any E C F,,,
(pmin/pmax) Hﬁ?/(q)(E : C) < ﬂ(Q) (hglE) < (pmax/pmil’l> HZ’,zﬂ/(q) (E : O).
By Proposition [5.3] we obtain
(Pmin/Pmax) C1 HZ”?,(’I)(E :B) < M(Q)(E) < (pmax/pmin) & HZ’,?/(Q)(E : B).

But for ¢,p € R, a(q) # a(p),

pl@ L)

Hence the result follows. O

Much of this work was done as part of my doctoral dissertation [5].
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