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HAUSDORFF MEASURES, DIMENSIONS
AND MUTUAL SINGULARITY

MANAV DAS

Abstract. Let (X, d) be a metric space. For a probability measure µ on a
subset E of X and a Vitali cover V of E, we introduce the notion of a bµ-
Vitali subcover Vµ, and compare the Hausdorff measures of E with respect
to these two collections. As an application, we consider graph directed self-
similar measures µ and ν in R

d satisfying the open set condition. Using the
notion of pointwise local dimension of µ with respect to ν, we show how the
Hausdorff dimension of some general multifractal sets may be computed us-
ing an appropriate stochastic process. As another application, we show that
Olsen’s multifractal Hausdorff measures are mutually singular.

1. Introduction

Let (X, d) be a metric space. Let F ⊆ X, α > 0. The α-dimensional Hausdorff
measure is defined as

Hα(F ) = sup
ε>0

inf

∑
j

diam(Ij)α : F ⊆
⋃
j

Ij , diam(Ij) < ε, Ij is any set in X

 .

The class of sets used to define the measure is much too large. Often we are
interested in finding an appropriate subclass which would give us the same measure,
or differ from the original measure by at most a constant factor. One way to obtain
a subclass is to consider the centered Hausdorff measure, defined as follows:

C̃α(F ) = sup
ε>0

inf

∑
j

diam(Bj(xj))α : F ⊆
⋃
j

Bj(xj), xj ∈F, diam(Bj(xj))<ε

 ,

where Bj(xj) is a closed ball in X and

Cα(F ) = sup
E⊆F

C̃α(E).

It turns out that the centred Hausdorff measure is within a constant multiple of
the ordinary Hausdorff measure, and so the two dimensions coincide. We consider
a more general Hausdorff measure as follows:

Let V be a Vitali cover for F ⊆ X, and let P(X) denote the family of Borel
probability measures on X. For µ ∈ P(X), we define the µ-Hausdorff measure
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(with respect to V ) as follows:

Hα
µ(F : V ) = sup

ε>0
inf

∑
j

µ(Ij)α : F ⊆
⋃
j

Ij , µ(Ij) < ε, Ij ∈ V, Ij ∩ F �= ∅

 .

Let dimµ(F : V ) denote the corresponding Hausdorff dimension. When we take V
to be the collection of all closed balls centered in F , we will simply write Hα

µ(F ) and
dimµF . Given a Vitali cover V of supp µ, we introduce the notion of a bµ-Vitali
subcover Vµ, and show that for any E ⊆ supp µ,

Hα
µ(E : V ) ≤ Hα

µ(E : Vµ) ≤ Hαbµ
µ (E : V ).

We intend to show the existence of a bµ-Vitali subcover in a special setting, and
show two applications of the result obtained above. In order to motivate this, allow
me to digress and quickly summarize another line of thought.

Fractal measures are most often constructed using an iterative process. Thus
the symbol space, or the string space, is of paramount importance in the analysis
of the measure. One of the consequences of the iterative process is the construction
of a collection of sets C, called cylinders. Computations involving the measure are
more naturally carried out by using these cylinder sets. But for a given metric
structure, we are really interested in deducing the behaviour of the measure with
respect to the closed balls, B. This immediately leads us to ask if the Hausdorff
dimensions computed using these two classes are equal. Billingsley [2] proved this
for certain subsets of R. Cutler [4] introduced the notion of bounded Vitali covers,
and extended Billingsley’s idea to include a larger class of subsets of the real line.

Consider now the following problem: Let µ be a Borel probability measure on
X and let Bε(x) be the closed ball of radius ε centered at x. For x ∈ X define the
local dimension of µ at x as

αµ(x) = lim
ε→0

log µBε(x)
log diamBε(x)

,

if the limit exists. For α ≥ 0, consider the set

K(α) = {x ∈ supp µ : αµ(x) = α} ,

where supp µ is taken to be the topological support of µ. Typically, the sets K(α)

are dense in supp µ. Intuitively, for fixed α, we may think of K(α) as the collection
of points where the measure scales as α, i.e. µBε(x) � εα. What can be said about
the Hausdorff dimension of K(α)? Although not much is known for general metric
spaces and arbitrary measures, much has been accomplished from the point of view
of multifractal theory. Halsey et al. [12] argued that certain fractals carrying a
natural measure may be analyzed in terms of the scaling properties of the measure,
i.e. they may be decomposed into multifractals. Cawley and Mauldin [3] were the
first to provide a geometric measure-theoretical framework for such a decomposition
for Moran fractals. Edgar and Mauldin [10] carried out the analysis for graph
directed self-similar measures in R

d with totally disconnected support. Olsen [16]
proposed a multifractal formalism that included the above analyses. Olsen’s paper
also contains a comprehensive account of the development of the theory and lists
some important references. Attention has primarily focussed on the situation where
X is taken to be a d-dimensional Euclidean space, and µ is a self-similar measure
with totally disconnected support. Arbeiter and Patzschke [1] considered random
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self-similar sets satisfying the open set condition. In much of the literature, the
Hausdorff measure is calculated either by using the mass distribution principle
or by explicit estimates. In this paper, we show how Billingsley’s idea may be
used to compute the Hausdorff dimension of K(α), where µ is taken to be a graph-
directed self-similar measure in R

d satisfying the open set condition, thus answering
questions posed in [10, Question (d)], [16, Question 7.8], and [15, Page 58], among
others. We are aided in our analysis by explicit relations between closed balls and
cylinders, as obtained in [7].

Let us now return to the original idea of a bµ-Vitali subcover. As an application,
we consider a more general local dimension. Let µ, ν be two graph-directed self-
similar measures satisfying the open set condition. For α > 0, we are interested in
the Hausdorff dimension of the following set:

K(α) =
{

x ∈ supp µ : lim
ε→0

log µ(Bε(x))
log ν(Bε(x))

= α

}
.

It turns out that in order to compare the collections B and C in this case, we
need to first compare subcollections Bµ and Cµ, which incidentally turn out to be
bµ-Vitali subcovers.

As another application, we consider Olsen’s multifractal Hausdorff measures,
generalize them and give an answer to his question [16, Question 7.9] in this more
general setting.

2. bµ-Vitali cover

We introduce the notion of a bµ-Vitali subcover of a Vitali cover V .

Definition 2.1. Let µ be any probability measure on X, let F ⊆ supp µ, let V be
any Vitali cover for F , and let Vµ be a subcollection of V such that:

For each x ∈ F , there exists a nested sequence of sets from V denoted (Ij(x))j

such that

(1) x ∈ Ij(x) for each j.
(2) µ(Ij(x)) → 0 as j → ∞.
(3) For any x ∈ F and any B ∈ V with x ∈ B, there exists j ∈ N (j dependent

on x) with Ij+1(x) ⊆ B ⊆ Ij(x).
(4) infj(log µ(Ij(x))/ log µ(Ij+1(x))) ≥ bµ, 0 < bµ ≤ 1.

Let Vµ = (Ij(x))j∈N,x∈F . If Vµ exists, then we will call it a bµ-Vitali covering of
F with respect to V .

Theorem 2.2. Let V be a Vitali cover for F = supp µ, and suppose there is a
subcollection Vµ which is a bµ-Vitali subcover of F with respect to V. Then for any
E ⊆ F ,

Hα
µ(E : V ) ≤ Hα

µ(E : Vµ) ≤ Hαbµ
µ (E : V ).

Proof. Clearly,
Hα

µ(E : V ) ≤ Hα
µ(E : Vµ),

since Vµ is a subclass of V . For the reverse inequality, consider the set

Ek,m,n =
{

x ∈ E : µ(Im(x)) >
1
n

and j ≥ m ⇒ log µ(Ij(x))
log µ(Ij+1(x))

≥ bµ − 1
k

}
.
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Then,

E =
⋃
k

⋃
m

⋃
n

Ek,m,n.

Fix k, m, n ∈ N. Let ρ ≤ 1
n and let (Bi) be a µ − ρ cover of Ek,m,n using sets

from V . By the definition of a bµ-Vitali subcover, we can choose j(i) such that
Ij(i)+1(xi) ⊆ Bi ⊆ Ij(i)(xi). By our choice of ρ, we must have j(i) ≥ m. Since
xi ∈ Ek,m,n, we get

log µ(Ij(i)(xi))
log µ(Ij(i)+1(xi))

≥ bµ − 1
k

⇒
∑

µ(Ij(i)(xi))α ≤
∑

µ(Ij(i)+1(xi))α(bµ− 1
k ) ≤

∑
µ(Bi)α(bµ− 1

k )

⇒ Hα
µ(Ek,m,n : Vµ) ≤ Hα(bµ− 1

k )
µ (Ek,m,n : V )

⇒ Hα
µ(E : Vµ) ≤ Hαbµ

µ (E : V ).

�

Corollary 2.3. Let V be a Vitali cover for F = supp µ, and let Vµbe any corre-
sponding bµ-Vitali subcover of F with respect to V. Then for any E ⊆ F ,

bµ dimµ(E : Vµ) ≤ dimµ(E : V ) ≤ dimµ(E : Vµ).

We may strengthen condition 4 in Definition 2.1 to require that:

(4′) limj
log µ(Ij(x))

log µ(Ij+1(x)) = bµ.

Let Vµ = (Ij(x))j∈N,x∈F . Then we will call Vµ a strong bµ-Vitali covering of F with
respect to V .

We may now obtain stronger conclusions in Theorem 2.2 and Corollary 2.3. We
state them without the proofs:

Theorem 2.4. Let V be a Vitali cover for F = supp µ, and let Vµ be any corre-
sponding strong bµ-Vitali cover of F with respect to V. Then for any E ⊆ F ,

Hα
µ(E : Vµ) = Hαbµ

µ (E : V ).

Corollary 2.5. Let V be a Vitali cover for F = supp µ, and let Vµ be any corre-
sponding strong bµ-Vitali cover of F with respect to V. Then for any E ⊆ F ,

bµ dimµ(E : Vµ) = dimµ(E : V ).

3. Hausdorff dimension I

In this section, we describe how the Hausdorff dimensions may be computed
using an appropriate stochastic process. When we realize the stochastic process
in the Euclidean space, the natural sets are called cylinder sets, as for instance,
the r-adic intervals, or the line segments obtained in the construction of the clas-
sical Cantor set. Now the Hausdorff dimension computed using these cylinder sets
may not be the same as the one computed using closed balls. We will show that
the two dimensions actually coincide when we use graph directed self-similar mea-
sures. We first investigate the µ-Hausdorff dimension of a set with respect to the
Lebesgue measure. This will motivate the difficulties that arise when computing
the µ-Hausdorff measure with respect to another measure ν.
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3.1. Preliminaries. Let {x1, x2, . . .} be a stochastic process defined on a proba-
bility measure space (Ω,B, µ). Suppose that the state space of the process is a finite
set σ, the states of which are given by σ = {1, 2, . . . , N}. An n-cylinder is a set of
the form

{ω : xk(ω) = ak, k = 1, 2, . . . , n},
where (a1, a2, . . . , an) is a sequence of states. Let C denote the collection of all such
n-cylinders, where n = 1, 2, . . .. The cylinder Hausdorff measure was introduced by
Billingsley in [2]. Let dimµ(M : C) denote the corresponding cylinder Hausdorff
dimension. Billingsley proved the following result.

Theorem 3.1. Let µ, γ, be any two measures corresponding to the same stochastic
process. If

M ⊆
{

ω ∈ Ω : lim
n

log γ(cn(ω))
log µ(cn(ω))

= θ

}
,

then
dimµ(M : C) = θ dimγ(M : C).

We now introduce the space of strings and the relevant sets and measures. Let
(V, E) be a directed multigraph, where V is the set of vertices and E is the set of
edges. For u, v ∈ V , there is a subset Euv of E known as the edges from u to v.
Let Eu =

⋃
v∈V Euv. For e ∈ E, let i(e) denote the initial vertex of e, and t(e)

be the terminal vertex of e. A path in the graph is a finite string γ = γ1γ2 . . . γk

of edges, such that t(γi) = i(γi+1). Let E
(k)
uv be the set of all paths of length k

that begin at u and end at v. Let E
(k)
u be the set of all paths that are of length

k and begin at u. Let E�
u be the set of all finite paths of any length that begin

at u and E� =
⋃

u∈V E�
u. An infinite string over the alphabet E corresponds to

an infinite path if the terminal vertex for each edge matches the initial vertex of
the next edge. Let E

(ω)
u be the set of all infinite paths starting at u ∈ V , and

let E(ω) =
⋃

u∈V E
(ω)
u . For α ∈ E�, σ ∈ E(ω), we say that α ≺ σ, if there exists

τ ∈ E
(ω)
t(α), such that σ = ατ . If α ∈ E�, let

[α] = {σ ∈ E(ω) : α ≺ σ}
and we call it the cylinder set generated by α. Let σ|k denote the finite string
comprising of the first k symbols of σ.

Let G be a MW Graph with probabilities (see [9]). G is said to satisfy the open
set condition (OSC) iff there exists a list (Uu)u∈V of sets, where Uu is a non-empty,
open and bounded subset of Xu satisfying

(1)
⋃

e∈Eu
Se(Ut(e)) ⊂ Uu, ∀u ∈ V.

(2) Se(Ut(e)) ∩ Se′(Ut(e′)) = ∅, ∀ u ∈ V, e, e′ ∈ Eu, e �= e′.

Further, if Uu∩Ku �= ∅, ∀u ∈ V , then G is said to satisfy the strong OSC (SOSC).
By the boundary of a set A ⊆ R

d, denoted ∂A, we will mean the collection of all
points belonging to the closure of the set A and to the closure of the complement
of A in R

d. Let Ju be a non-empty compact subset of Xu. Its existence has been
guaranteed by Schief [19] and Wang [21]. Since int(Ju) �= ∅, Ld(Ju) > 0, where
Ld denotes the d-dimensional Lebesgue measure. For e = e1e2 . . . en ∈ E�, we let
S(e) = Se1 ◦ Se2 ◦ . . . ◦ Sen

, and let

J (n)
u =

⋃
e∈E

(n)
u

Se(Jt(e)).
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Then

Ku =
∞⋂

n=1

J (n)
u .

There is a model map hu : E
(ω)
u −→ Xu for each u ∈ V , defined so that hu(σ)

is the unique element of the set
⋂∞

n=1 Sσ|n(Jt(σ|n)). So Ku = hu(E(ω)
u ). For τ =

τ1τ2 . . . τn ∈ E�, we let K(τ ) = Sτ (Kt(τ)), r(τ ) = r(τ1)r(τ2) . . . r(τn), p(τ ) =
p(τ1)p(τ2) . . . p(τn), rmax = max{r(e) : e ∈ E}, rmin = min{r(e) : e ∈ E}, pmax =
max{p(e) : e ∈ E}, pmin = min{p(e) : e ∈ E}. Let G be a MW graph. For s ≥ 0,
define a matrix As with rows and columns indexed by V :

As =

( ∑
e∈Euv

rs
e

)
u,v

.

Let Φ(s) be the spectral radius of As. The solution of Φ(s) = 1 is the dimension of
the graph G [14]. For γ ∈ E�

uv, we have p(γ) =
∑

e∈Eu
p(γe). Therefore, for each

u ∈ V , there is a unique measure µ̂u on E
(ω)
u with µ̂u([γ]) = p(γ), ∀ γ ∈ E�

u. Let
µu = µ̂u ◦ h−1

u . Then Hutchinson [13] has shown that µu is the unique probability
measure supported by Ku, such that

µu =
∑

e∈Eu

peµt(e) ◦ S−1
e .

The measure µu is called the self similar measure corresponding to the MW graph.
For τ ∈ E�

u, let Ju(τ ) = Sτ (Jt(τ)). Let A(q, β) be the square matrix with rows and
columns indexed by V as follows:

Auv(q, β) =
∑

e∈Euv

p(e)qr(e)β.

For a given q, there exists a unique β so that the spectral radius of A(q, β) is 1.
Since A(q, β) has spectral radius 1, there exist positive right and left eigenvectors
ρv, λv with ∑

v∈V

∑
e∈Euv

p(e)q
r(e)β

ρv = ρu, ∀ u ∈ V,

∑
u∈V

∑
e∈Euv

λup(e)q
r(e)β = λv, ∀ v ∈ V.

By the Perron-Frobenius Theorem [20], λv, ρv > 0. Let

P (e) = ρ−1
u p(e)qr(e)βρv.

Consider the Markov chain (Xk) with state space V , and transition probabilities
P (e). Then πu = λuρu, u ∈ V, constitute a stationary distribution for the Markov
chain.

The transition probabilities P (e) also give rise to the measure µ̂
(q)
u , q ∈ R, where

each cylinder [γ], γ ∈ E
(k)
uv , is assigned the measure

µ̂(q)
u ([γ]) = ρ−1

u p(γ)q
r(γ)β

ρv.

These measures were defined and studied by Edgar and Mauldin [10]. For our
purposes, we need a measure defined for the entire graph. This may be done using
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the stationary distribution. Let

P ′(e) = πuP (e), where e ∈ Euv.

For γ ∈ E�, we let

µ̂(q)([γ]) = λi(γ)p(γ)q
r(γ)β

ρt(γ).

This gives us a unique probability measure µ̂(q) on E(ω). It is therefore clear from
the uniqueness of the extended measures that

µ̂(q)
u =

µ̂(q)|
E

(ω)
u

µ̂(q )(E(ω)
u )

.

Consider once again the matrix A(q, β), whose entry in row u and column v is

Auv(q, β) =
∑

e∈Euv

p(e)q
r(e)β

.

For a given q, let Φ(q, β) be the spectral radius of A(q, β), and let β be the unique
value such that Φ(q, β) = 1. This defines β as an analytic function of q. Define
α = −dβ

dq and f(α) = q α + β. We may sometimes write α = αµ to emphasize its
dependence on the measure µ. These functions have been studied by [10].

For x ∈ Ku, α ∈ R, α > 0, we will call α the local dimension of µ at x if

lim
ε→0

log µ(Bε(x))
log diam(Bε(x))

= α.

Note that the existence of the limit is part of the definition. Most of our attention
will be directed toward the following sets:

K(α)
u =

{
x ∈ Ku : lim

ε→0

log µu(Bε(x))
log diam(Bε(x))

= α

}
,

K̂(α)
u =

{
σ ∈ E(ω)

u : lim
k→∞

log p(σ|k)
log r(σ|k)

= α

}
.

Since we will be dealing with ratios of logarithms, we will adopt the following
conventions. For 0 < �, ς < 1,

log �

log 0
=

log 1
log ς

=
log 1
log 0

= 0,

log 0
log ς

=
log �

log 1
=

log 0
log 1

= ∞,

log 0
log 0

=
log 1
log 1

= 1.

The following result essentially allows us to move “pointwise” from the space of
infinite strings to the Euclidean space. It was proven in [7] that:

Theorem 3.2. There exists a set Du ⊆ E(ω) such that for x ∈ Ku \ hu(Du),

x ∈ K(α)
u ⇐⇒ h−1

u (x) = σ ∈ K̂(α)
u .

Moreover, µ
(q)
u (huDu) = 0 for every q ∈ R.
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3.2. Dimension using Lebesgue measure. Consider the invariant set, Ku. Let
F ⊆ Ku. Let Cu be the collection of all the cylinder sets in the construction of
Ku. Clearly, Cu is a Vitali cover for Ku. Let dimc denote the centered Hausdorff
dimension. It is our purpose in this section to first show that

dimF = dimcF = dim(F : Cu).

Then we will use Theorems 3.1 and 3.2 to obtain the Hausdorff dimensions of some
multifractal sets.

We wish to begin with the following geometrical result, which is motivated by
Schief [19], but first we need a definition:

Given k ∈ E�
u, x ∈ Ku ∩ Ju(k), α > 0, let

I(k, x, α) = {τ ∈ E�
u : r(τ ) ≤ r(k) < r(τ−) ; Ju(τ ) ∩ Bα(x) �= ∅}.

A different form of the following proposition is given by Lemma 4.1.

Proposition 3.3. Let G = (V, E) satisfy the OSC . Let c > 0 be given. Then there
exists a constant γ such that:

For any u ∈ V , and k ∈ E�
u, any x ∈ Ju(k), and any α > 0 with α ≤ cr(k), and

x ∈ Ju(k) ⊆ Bα(x), we must have

#I(k, x, α) ≤ γ.

Proof. Let u ∈ V . Let Ju be the compact set guaranteed by OSC. Let c > 0 be
given and let y ∈ Ku ∩ int(Ju). Then there is an ε > 0 such that Bε(y) ⊆ int(Ju).
For any τ ∈ E�,

Sτ (Bε(y)) = Bεr(τ)(Sτ (y)).

Let σ, τ ∈ I(k, x, α). Clearly, there is no s ∈ E�, such that τ = σs or σ = τs (i.e.
σ, τ are incomparable). Thus,

Sσ(int(Ju)) ∩ Sτ (int(Ju)) = ∅.

Since, Bε(y) ⊆ int(Ju), we obtain

Sσ(Bε(y)) ∩ Sτ (Bε(y)) = ∅
⇒ Bεr(σ)(Sσ(y)) ∩ Bεr(τ)(Sτ (y)) = ∅

⇒ d(Sσ(y), Sτ (y)) ≥ (r(σ) + r(τ )) ε,

where d is the Euclidean metric in R
d.

Since σ, τ ∈ I(k, x, α), we obtain r(σ) ≤ r(k) < r(σ−). Thus, r(k) < r(σ−)
rmin

.
Similarly, r(τ ) > rmin r(k). So we get,

d(Sσ(y), Sτ (y)) ≥ 2 rmin r(k) ε.

Consider the balls of radius ε
2 r(k) rmin around the points Sτ (y) : τ ∈ I(k, x, α).

These balls are pairwise disjoint, and their centres, Sτ (y), lie in a larger ball of
radius

(
ε
2 r(k) rmin + diamBα(x)

)
, centred at x. Using Lebesgue measure,

#I(k, x, α) ≤
(

2 ε
2 r(k) rmin + diamBα(x)

ε r(k) rmin

)d

≤
(

ε rmin + 2c

ε rmin

)d

. �
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We now go on to the main result of this section.

Theorem 3.4. Let u ∈ V and let E ⊆ Ku. Then

Hα(E) ≤ Hα(E : Cu) ≤ γ 2α Hα(E).

Proof. It suffices to show that

Hα(E : Cu) ≤ γ 2α Hα(E).

Let δ > 0. Let E ⊆
⋃

j Bj(xj), where xj ∈ E, diamBj(xj) < δ, and each Bj(xj)
is a closed ball in R

d. Since Cu is a Vitali cover, there exists Ik(j)(xj) ∈ Cu, such
that

diam(Ik(j)−1(xj)) > diam(Bj(xj)) ≥ diam(Ik(j)(xj)).
Then,

Ik(j)(xj) ⊆ Bj(xj).
Also,

diam(Bj(xj)) < diam(Ik(j)−1(xj))

=
diam(Ik(j)(xj))

rk(j)

<
diam(Ik(j)(xj))

rmax
.

By Proposition 3.3, we have

E ∩ Bj(xj) ⊆
γ⋃

k=1

Ik(j),

where

Ik(j) ∈ I

(
k(j), xj ,

diam(Bj(xj))
2

)
.

Moreover,
γ∑

k=1

diam(Ik(j))α ≤ γ diam(Ik(j)(xj))α ≤ γ diam(Bj(xj))α,

so that

inf{
∑

j

diam(Ij)α : E ⊆
⋃
j

Ij , Ij ∈ gu, diam(Ij) < δ}

≤ γ inf{
∑

j

diam(Bj(xj))α : E ⊆
⋃
j

Bj(xj), xj ∈ E, diam(Bj(xj)) < δ}.

Letting δ → 0, we obtain

Hα(E : Cu) ≤ γ C̃α(E) ≤ γ Cα(E) ≤ γ 2α Hα(E),

so
Hα(E) ≤ Hα(E : Cu) ≤ γ 2α Hα(E).

�

Corollary 3.5. Let u ∈ V and let E ⊆ Ku. Then

dimE = dim(E : Cu).
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Theorem 3.6. Let G = (V, E) be an MW graph satisfying the OSC, u ∈ V and let
µ = µu be any corresponding self-similar measure supported on Ku. If

F ⊆
{

x ∈ Ku : lim
ε→0

log µ(Bε(x))
log diam(Bε(x))

= θ

}
,

then
dim F = θ dimµ F.

In particular, if µ(F ) > 0, then dim F = θ.

Proof. Let x ∈ F . By Theorem 3.2, we get

lim
n→∞

log p(cn(x)
log r(cn(x)

= θ.

By Theorem 3.1, we obtain dim(F : Cu) = θ dimµ F . By Corollary 3.5, we get
dim F = θ dimµ F. �

As a corollary, we obtain a result proved in the random case in [1], and answer
questions posed in [10, Question (d)] and [16, Question 7.8].

Corollary 3.7. dim K(α) = f(α).

Proof. An easy computation (using Theorem 3.2) shows that

x ∈ K(α) ⇐⇒ lim
ε→0

log µ(q)(Bε(x))
log diam(Bε(x))

= f(α).

Take µ = µ(q) in Theorem 3.6. Since µ(q)(K(α)) = 1, the result follows. �

Note that the proof of Theorem 3.4 depended heavily on the finiteness of the
number of cylinder sets that may intersect a ball of a given radius, about the point
xj . This is essentially possible due to the uniform distribution and translation
invariance of the Lebesgue measure. It therefore breaks down when we try to
compute the Hausdorff dimension with respect to other measures. In an attempt
to do this, we obtain a bµ-Vitali subcover which has this nice property.

4. Hausdorff dimension II

Before we go any further with our discussions of the Hausdorff dimension, we
need to create the appropriate framework. We will quote some pertinent definitions
and results (without proofs) from [7]. In this and the next section, we show two
applications of the notion of a bµ-Vitali subcover.

4.1. Preliminaries. The diameter of a cylinder set is nothing but the Lebesgue
measure, suitably normalized. Thus all our notions and definitions make sense when
considered with respect to measure ν, where ν is defined by some different initial
probability distribution. Suppose we assign two sets of probabilities p(e), p′(e) of
traversing the edge e. Then we may change the matrix A(q, β), so that its entry in
row u and column v is

Auv(q, β) =
∑

e∈Euv

p(e)q
p′(e)β

.
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Let µ, ν be the probability measures corresponding to the probabilities p(e), p′(e),
e ∈ E, respectively. Then we may define the functions βµ,ν and αµ,ν as before.
Then standard computations show that αµ,ν = αµ

αν
, and similarly, we may obtain

f(αµ,ν) = f(αµ)
f(αν) . Also it is easy to deduce that Φ(0, 1) = 1 = Φ(1, 0), where Φ(q, β)

is the spectral radius of A(q, β) defined in terms of p(e), p′(e), e ∈ E.
For K ⊆ R

d, α ∈ R, let

K(α) =
{

x ∈ supp µ : lim
ε→0

log µ(Bε(x))
log ν(Bε(x))

= α

}
.

We are interested in the µ-Hausdorff dimension of this set.
Let E

(1)
u = {e1, e2, . . . , eu} and let Ju(ek) = Sek

(Jt(ek)), k = 1, 2, . . . , u. Let
τ ∈ E�

u. Then τ is called a u-stopping iff

K(τ ) ∩ Ju(ek) = ∅, ∀ k = 1, . . . , u; k �= τ |1.

For each u ∈ V, v ∈ N(u), there exists eτv ∈ E�
v , such that eτv is a stopping for

every e ∈ Euv, and that moreover, |eτv| = m, ∀u ∈ V, v ∈ N(u), e ∈ Euv. Let

S̄v = {s ∈ E�
v : |s| = |τv|, es is a stopping for every e ∈ Euv},

Su = {es : s ∈ S̄v, v ∈ N(u), e ∈ Euv}.

Let S =
⋃

u∈V Su denote the set of stoppings of length m, i.e. for every τ ∈
S, |τ | = m. Let τ ∈ Su. Suppose τ = eτ1τ2 . . . τm−1, where e ∈ Euv for some
v ∈ N(u). Then τ− = eτ1, . . . , τm−2. Let d(τ ) = min{d(x, y) : x ∈ ∂Ju(τ ), y ∈
∂Ju(ek), ek ∈ E

(1)
u , ek �= e}. If r(τ−) < d(τ ), let Nτ = 1. If r(τ−) ≥ d(τ ), then

choose Nτ ∈ N, smallest, such that r(τ−) rNτ
max < d(τ ). Clearly, such Nτ exists.

Let Nr = maxτ∈SNτ .

For σ ∈ E
(ω)
u , let Ai be the event that σiσi+1 . . . σi+m−1 ∈ S, Xi = 1Ai

, and
choose jk(σ) such that

jk(σ)∑
k=0

Xi = k + 1.

If x ∈ Ku such that h−1
u (x) = σ is unique, then let

sk(σ) = sk(x) = jk(σ) + Nr + m − 1.

When σ is fixed or its meaning is clear from the context, then we will write jk(σ) =
jk, sk(σ) = sk. Let

K̂(α) =
⋃

u∈V

K̂(α)
u ,

Du =
{

σ ∈ E(ω)
u :

k

jk(σ)
→ 0

}
,

D =
⋃

u∈V

Du,

K =
⋃

u∈V

Ku.

Given k ∈ E�
u, x ∈ Ku ∩ Ju(k), α > 0, let

Iµ(k, x, α) = {τ ∈ E�
u : p(τ ) ≤ p(k) < p(τ−) ; Ju(τ ) ∩ Bα(x) �= ∅}.
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Lemma 4.1 ([7], Lemma 3.5). Let u ∈ V and let SOSC hold. Let σ = τ1ττ2,
where τ1 ∈ E� with t(τ1) = u, τ ∈ Su, τ2 ∈ ENr

t(τ). Then there is a constant γ such
that:

For any σ ∈ E� as above, any x ∈ Ji(τ1)(σ), any u ∈ V , and any α > 0 with
α ≤ r(σ−), and x ∈ Ji(τ1)(σ) ⊆ Bα(x), we must have

#Iµ(σ, x, α) ≤ γ and #I(σ, x, α) ≤ γ.

It is known that for q, α, as defined earlier, we have µ̂(q)(K̂(α)) = 1. Given
k ∈ N, let εk(x) = εk(σ) = max{d(x, y) : y ∈ ∂Ju(σ|k)}. We need the following
result.

Lemma 4.2 ([7], Lemma 3.9). Let x ∈ Ku such that h−1
u (x) = σ is unique. Then

(i) x ∈
⋂

k Ju(σ|sk).
(ii) x ∈ Ju(σ|sk) ⊆ Bεsk

(x) and

Ku ∩ Bεsk
(x) ⊆

⋃
t∈Iµ(σ|sk,x,εsk

)

Ju(t) ⊆ Ju(σ|jk − 1) ⊆ Ju(σ|jk−1).

Let S denote the set of stoppings, where we choose all our stoppings to have
length m. For an infinite string σ, let Xk(σ) = 1 if σkσk+1 . . . σk+m−1 ∈ S and 0
otherwise. Suppose jk(σ) denotes the k + 1-st occurrence of a stopping in σ. Let
sk = jk(σ) + Nr + m − 1. For a given σ, let S(σ) denote the set of all e ∈ E such
that e occurs infinitely often in σ. Let Nk(σ, τ ) denote the number occurrences of
a fixed finite string τ in the first k positions of σ. When σ is fixed, we will simply
say Nk(τ ). We now make the following two assumptions:

(A1) 0 < limk
Nsk

(e)

sk
< 1 ∀e ∈ S(σ).

(A2) limk
sk−1
sk

→ 1.

Lemma 4.3. Let A denote the set of all infinite strings that satisfy (A1) and (A2).
Then µ̂(q)(A) = 1 for every q ∈ R.

Proof. We will need to modify our stoppings. Let S′ denote the modified stoppings,
where each stopping is now of length M , and M is chosen to ensure that if we look
at all paths of length M in G, then we obtain a new graph G′ which is again strongly
connected.

Let σ be an infinite string that satisfies (A1) and limk
NkM (τ)

kM > 0 for some
τ ∈ S′. Then σ will satisfy (A2) also. These two conditions, in turn, are certainly
satisfied by any string σ that has the following two properties:

(i) 0 < limk
Nk(e)

k < 1 ∀e ∈ E.
(ii) 0 < limk

Nk(τ)
k < 1 ∀τ ∈ E(M).

Now G and G′ are strongly connected and so by the ergodic theorem, these two
properties are satisfied µ̂(q)-almost always. So for each q ∈ R, we may choose strings
that possess these properties, and these will then also satisfy assumptions (A1) and
(A2). �

Lemma 4.4. Let σ ∈ E
(ω)
u and x = hu(σ). Suppose σ satisfies (A1) and (A2).

Then

(i) lim
k

log p(σ|sk)
log r(σ|sk)

= lim
k

log µ(Bεsk
(x))

log diam(Bεsk
(x))

and these limits exist.
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(ii) lim inf
k

log p(σ|k)
log r(σ|k)

= lim inf
ε

log µ(Bε(x))
log diam(Bε(x))

and this value is equal to the

value of the limits in (i).

(iii) lim sup
k

log p(σ|k)
log r(σ|k)

= lim sup
ε

log µ(Bε(x))
log diam(Bε(x))

.

Proof. The proof is the same as that for Propositions 4.3 and 4.4 in [7]. �

Lemma 4.5. Let σ ∈ E
(ω)
u and let x = hu(σ). Suppose σ satisfies

(i) 0 < limk
Nk(e)

k < 1 ∀e ∈ E.
(ii) limk

Nk(τ)
k > 0 for some τ ∈ S′. Then

lim
k

log p(σ|k)
log r(σ|k)

= lim
ε

log µ(Bε(x))
log diam(Bε(x))

,

and these limits exist.

Proof. Under the given assumtions, limk
log p(σ|k)
log r(σ|k) exists. The result follows from

Lemma 4.4. �

The following result ([7, Theorem 4.2]) essentially allows us to move “pointwise”
from the space of infinite strings to the Euclidean space:

Theorem 4.6. Let σ ∈ E
(ω)
u , x = hu(σ) and suppose σ satisfies (A1) and (A2).

Then

lim
k

log p(σ|k)
log r(σ|k)

= lim
ε

log µ(Bε(x))
log diam(Bε(x))

,

whenever one of these limits exist. Moreover,
(i) (A1) and (A2) are valid µ̂(q)-almost everywhere for each q ∈ R.
(ii) The given limits exist and are equal µ̂(q)-almost everywhere for each q ∈ R.

Proof. Follows immediately from Lemmas 4.3, 4.4 and 4.5. �

We are now ready to analyze these general multifractal sets.

4.2. µ-Hausdorff dimension. Let Fu = Ku \ Du. For each x ∈ Fu, let sk(x) be
as defined, µ = µu be any probability measure on Fu constructed as before and
finally, let

Bµ = (Bεsk
(x) : k ∈ N, x ∈ Fu),

B = (B(x, r) : x ∈ Fu, r > 0),
Cµ = (Ju(σ|sk) : k ∈ N, σ ∈ h−1

u (Fu)),

C = (Ju(σ|k) : k ∈ N, σ ∈ h−1
u (Fu)).

Proposition 4.7. For E ⊆ Fu,
(1) Hα

µ(E : Bµ) = Hα
µ(E : B).

(2) Hα
µ(E : Cµ) = Hα

µ(E : C).

Proof. Both follow from the observation that Bµ is a strong bµ-Vitali cover of E
with respect to B, and Cµ is a strong bµ-Vitali cover of E with respect to C, with
the choice of bµ = 1. It is then an immediate consequence of Theorem 2.4. �
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Corollary 4.8. For E ⊆ Fu,
(1) dimµ(E : B) = dimµ(E : Bµ).
(2) dimµ(E : C) = dimµ(E : Cµ).

Theorem 4.9. Let E ⊆ Fu. Then

Hα
µ(E : B) ≤ Hα

µ(E : C) ≤ γ Hα
µ(E : B).

Proof. By Proposition 4.7, it suffices to show that

Hα
µ(E : Bµ) ≤ Hα

µ(E : Cµ) ≤ γ Hα
µ(E : Bµ).

We first show Hα
µ(E : Cµ) ≤ γ Hα

µ(E : Bµ). Let δ > 0 be given and let (Bj(xj))j

be a µ−δ−Bµ cover of E. By our definition of Bj(xj), we can choose Ik(j)(xj) ∈ Cµ

such that
diamBj(xj) = 2 max{d(xj , y) : y ∈ ∂Ik(j)(xj)}.

Then we have
Ik(j)(xj) ⊆ Bj(xj)

and by Lemma 4.2(ii),

Bj(xj) ∩ Ku ⊆
γ⋃

k=1

Ik(j),

where

Ik(j) ∈ Iµ

(
k(j), xj ,

diam(Bj(xj))
2

)
.

Thus, by Lemma 4.1 we may obtain
γ∑

k=1

µ(Ik(j))α ≤ γ µ(Ik(j)(xj))α ≤ γ µ(Bj(xj))α.

But δ > 0 was arbitrary. So,

Hα
µ(E : Cµ) ≤ γ Hα

µ(E : Bµ).

Now the reverse inequality:
Let us denote Bµ = (Bj(x) : j ∈ N, x ∈ Fu). Let N = Nr + m − 1. Consider

Ek,m,n =
{

x ∈ E : µ(Bm(x)) >
1
n

and j ≥ m ⇒ log µ(Bj(x))
log µ(Bj+N (x))

≥ 1 − 1
k

}
.

Then
E =

⋃
k

⋃
m

⋃
n

Ek,m,n.

Fix k, m, n ∈ N. Let ρ ≤ 1
n and let (Ii(xi))i be a µ − ρ − Cµ cover of Ek,m,n. For

each i, let Bj(i)(xi) ∈ Bµ such that

diamBj(i)(xi) = 2 max{d(xi, y) : y ∈ ∂Ii(xi)}.
Then, we have

Ii(xi) ⊆ Bj(i)(xi),
and by Lemma 4.2(ii),

Ku ∩ Bj(i)+N (xi) ⊆ Ii(xi).
By our choice of ρ, we must have j(i) ≥ m. Since xi ∈ Ek,m,n, we get

log µ(Bj(i)(xi))
log µ(Bj(i)+N (xi))

≥ 1 − 1
k

.
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Therefore,

µ(Bj(i)(xi))α ≤ µ(Bj(i)+N(xi))α(1− 1
k ) ≤ µ(Ii(xi))α(1− 1

k ),

from which it follows that

Hα
µ(Ek,m,n : Bµ) ≤ Hα(1− 1

k )
µ (Ek,m,n : Cµ)

so that

Hα
µ(E : Bµ) ≤ Hα

µ(E : Cµ).

�

Corollary 4.10. Let E ⊆ Fu. Then

dimµ(E : B) = dimµ(E : C).

We are now ready to analyse the more general multifractal sets.

Theorem 4.11. Let G = (V, E) be an MW graph satisfying the OSC, u ∈ V and
let µ = µu, ν = νu be any corresponding self similar measures supported on Ku. If

F ⊆
{

x ∈ Ku : lim
ε→0

log µ(Bε(x))
log ν(Bε(x))

= θ

}
,

then

dimνF = θ dimµF.

In particular, if µ(F ) > 0, then dimνF = θ.

Proof. Let x ∈ F . By Theorem 4.6, we get

lim
n→∞

log µ(cn(x))
log ν(cn(x))

= θ.

Using Theorem 3.1, we obtain dimν(F : C) = θ dimµ(F : C). So by Theorem 4.9,
we get dimν(F : B) = θ dimµ(F : B). But B is just a centered ball covering. Thus
by definition, we get

dimνF = θ dimµF.

�

Corollary 4.12. Let α = αµu,νu
. Then dim K(α) = f(α).

Proof. An easy computation (using Theorem 4.6) shows that

x ∈ K(α) ⇐⇒ lim
ε→0

log µ(q)(Bε(x))
log ν(q)(Bε(x))

= f(α).

Take µ = µ(q), ν = ν(q) in Theorem 4.11. Since µ(q)(K(α)) = 1, the result follows.
�
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5. Multifractal Hausdorff measures

The multifractal Hausdorff measures were introduced by Olsen [16]. Let q, p ∈ R

and let α(p), α(q) be as defined in Section 3.1. Olsen showed that for a graph-
directed self-similar measure µ with totally disconnected support, if α(p) �= α(q),
then the multifractal Hausdorff measures Hp,β(p)

µu and Hq,β(q)
µu are mutually singular.

It is open as to whether this remains true when the support of µ satisfies the SOSC.
In this section, we first generalize Olsen’s definition in a natural way to take

into account two different measures µ and ν, and then use the notion of a strong
bµ-Vitali cover and the techniques in Section 4.2, to show that these more general
multifractal Hausdorff measures are also mutually singular, which in particular,
provides an answer to [16, Question 7.9].

5.1. Preliminaries. For E ⊆ R
d, let B = (B(xi, ri))i be the collection of all

closed balls in R
d. Let P(Rd) denote the family of all Borel probability measures

on R
d. Let µ, ν ∈ P(Rd). For δ > 0, B is called a centered ν − δ-covering of E if

E ⊆
⋃

i B(xi, ri), xi ∈ E and 0 < ν(B(xi, ri)) < δ, ∀ i.
Let B be a centered ν − δ-covering of E. For q, t ∈ R we define the multifractal

Hausdorff measure (with respect to ν) as follows:

Hq,t

µ,ν,δ(E) = inf
{∑

i

µ(B(xi, ri))qν(B(xi, ri))t :

E ⊆
⋃
i

B(xi, ri), B(xi, ri) ∈ B ∀ i

}
,

Hq,t

µ,ν,δ(∅) = 0,

Hq,t

µ,ν(E) = sup
δ>0

Hq,t

µ,ν,δ(E),

Hq,t
µ,ν(E) = sup

F⊆E
Hq,t

µ,ν(F ).

Let V denote any of the collections B, Bµ, C, Cµ as defined in Section 4.2. We
will denote the corresponding multifractal Hausdorff measure by

Hq,t
µ,ν(E : V ).

When we restrict our attention to subsets of a compact set K, Olsen’s measures
may be obtained by taking ν to be the Lebesgue measure suitably normalized to
K, and thus may be replaced either by the diameter of the ball, 2ri, or by the size
of a cylinder set, r(γ). Our main result may then be stated as follows:

Let G = (V, E). Let µ, ν be any two graph-directed self-similar measures satis-
fying OSC. If q, p ∈ R and α(p) �= α(q), then

Hp,β(p)
µ,ν ⊥ Hq,β(q)

µ,ν .

We briefly outline the proof: we may compare Hq,β(q)
µ,ν (E : C) and µ̂(q). We show

that

Hq,t
µ,ν(E : Bµ) = Hq,t

µ,ν(E : B),

Hq,t
µ,ν(E : Cµ) = Hq,t

µ,ν(E : C).

Next, we show that there exist positive constants C1, C2, such that for all q, t ∈ R,

C1 Hq,t
µ,ν(E : B) ≤ Hq,t

µ,ν(E : C) ≤ C2 Hq,t
µ,ν(E : B).
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Finally, we may use the mutual singularity of the measures µ(q) and µ(p) to deduce
our result.

5.2. Mutual singularity.

Proposition 5.1. Let F ⊆ R
d, let µ, ν ∈ P(Rd), and let V be a Vitali cover for F .

If Vµ is a subcover such that it is a strong bµ-Vitali cover of F with respect to V,
and a strong bν-Vitali cover of F with respect to V, then for any E ⊆ F, q, t ∈ R,

Hq,t
µ,ν(E : Vµ) = Hqbµ,tbν

µ,ν (E : V ).

Proof. Consider the set

Ek,m,n =
{

x ∈ E : ν(Im(x)) >
1
n

and j ≥ m

⇒ bp − 1
k
≤ log p(Ij(x))

log p(Ij+1(x))
≤ bp +

1
k

, p = µ, ν

}
.

Then,
E =

⋃
k

⋃
m

⋃
n

Ek,m,n.

Fix k, m, n ∈ N. Let ρ ≤ 1
n and let (Bi) be a ν − ρ cover of Ek,m,n using sets from

V . By the definition of Vµ, we can choose j(i) such that

Ij(i)+1(xi) ⊆ Bi ⊆ Ij(i)(xi).

By our choice of ρ, j(i) ≥ m. Since xi ∈ Ek,m,n, we get

(5.1) p(Ij(i)+1(xi))(bp+ 1
k ) ≤ p(Ij(i)(xi)) ≤ p(Ij(i)+1(xi))(bp− 1

k ), p = µ, ν.

We show how the proof works for q > 0, t > 0:∑
µ(Ij(i)(xi))qν(Ij(i)(xi))t ≤

∑
µ(Ij(i)+1(xi))q(bµ− 1

k )ν(Ij(i)+1(xi))t(bν− 1
k )

≤
∑

µ(Bi)q(bµ− 1
k )ν(Bi)t(bν− 1

k ),

from which it follows that

Hq,t
µ,ν(E : Vµ) ≤ Hqbµ,tbν

µ,ν (E : V ).

Similarly, by using the opposite estimate for the measures in Equation (5.1), we
may obtain the reverse inequality. The other cases for q, t ∈ R, may be dealt with
by choosing the right combination of estimates in Equation (5.1). �

From now on, we will be concerned with the graph directed measures. We will
therefore write µ ≡ µu and ν ≡ νu.

Corollary 5.2. For E ⊆ Fu,
(1) Hq,t

µ,ν(E : Bµ) = Hq,t
µ,ν(E : B).

(2) Hq,t
µ,ν(E : Cµ) = Hq,t

µ,ν(E : C).

Proof. Both follow from the observation that Bµ, Cµ are strong bµ-Vitali and strong
bν-Vitali covers of E with respect to B, C respectively, and that bµ = bν = 1. It is
then an immediate consequence of Proposition 5.1. �
Proposition 5.3. Let E ⊆ Fu. Then there exist positive constants C1, C2, such
that for all q, t ∈ R,

C1 Hq,t
µ,ν(E : B) ≤ Hq,t

µ,ν(E : C) ≤ C2 Hq,t
µ,ν(E : B).
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Proof. By Corollary 5.2, it suffices to show that

C1 Hq,t
µ,ν(E : Bµ) ≤ Hq,t

µ,ν(E : Cµ) ≤ C2 Hq,t
µ,ν(E : Bµ).

Let δ > 0 be given and let (Bj(xj))j be a ν − δ −Bµ cover of E. By our definition
of Bj(xj), we can choose Ik(j)(xj) ∈ Cµ such that

diamBj(xj) = 2 max{d(xj , y) : y ∈ ∂Ik(j)(xj)}.

Then we have
Ik(j)(xj) ⊆ Bj(xj).

Using Lemma 4.1 with measure µ and ν, along with Lemma 4.2(ii), we may deduce
that there are at most 2γ cylinders such that

Bj(xj) ∩ Ku ⊆
2γ⋃

k=1

Ik(j),

where

Ik(j) ∈ Iµ

(
k(j), xj ,

diam(Bj(xj))
2

) ⋃
Iν

(
k(j), xj ,

diam(Bj(xj))
2

)
.

Moreover,

p(Ik(j)) ≤ p(Ik(j)(xj)) ≤ p(Bj(xj)), p = µ, ν.(5.2)

Thus for q > 0, t > 0, we obtain the following:
2γ∑

k=1

µ(Ik(j))qν(Ik(j))t ≤ 2γ µ(Ik(j)(xj))qν(Ik(j)(xj))t

≤ 2γ µ(Bj(xj))qν(Bj(xj))t.

But δ > 0 was arbitrary. So,

Hq,t
µ,ν(E : Cµ) ≤ 2γ Hq,t

µ,ν(E : Bµ).

Let us denote Bµ = (Bj(xj) : j ∈ N, x ∈ Fu). Let N = Nr + m − 1. Consider

Ek,m,n = {x ∈ E : ν(Bm(x)) >
1
n

and j ≥ m

⇒ 1 − 1
k
≤ log p(Bj(x))

log p(Bj+N (x))
≤ 1 +

1
k

, p = µ, ν}.(5.3)

Then
E =

⋃
k

⋃
m

⋃
n

Ek,m,n.

Fix k, m, n ∈ N; let ρ ≤ 1
n and let (Ii(xi))i be a ν − ρ − Cµ cover of Ek,m,n. For

each i, let Bj(i)(xi) ∈ Bµ such that

diamBj(i)(xi) = 2 max{d(xi, y) : y ∈ ∂Ii(xi)}.

Then, we have
Ii(xi) ⊆ Bj(i)(xi)

and by Lemma 4.2(ii),
Ku ∩ Bj(i)+N (xi) ⊆ Ii(xi).
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By our choice of ρ, we must have j(i) ≥ m. Since xi ∈ Ek,m,n, we get

µ(Bj(i)(xi))qν(Bj(i)(xi))t ≤ µ(Bj(i)+N (xi))q(1− 1
k )ν(Bj(i)+N (xi))t(1− 1

k )

≤ µ(Ii(xi))q(1− 1
k )ν(Ii(xi))t(1− 1

k ),

from which it follows that

Hq,t
µ,ν(E : Bµ) ≤ Hq,t

µ,ν(E : Cµ).

For the other choices of q, t ∈ R, we may choose the appropriate estimate from
Equation (5.2) and Equation (5.3). �

Theorem 5.4. If q, p ∈ R, α(q) �= α(p), then

Hp,β(p)
µ,ν ⊥ Hq,β(q)

µ,ν .

Proof. Observe that for any E ⊆ Fu,

(ρmin/ρmax) Hq,β(q)
µ,ν (E : C) ≤ µ̂(q)(h−1

u E) ≤ (ρmax/ρmin) Hq,β(q)
µ,ν (E : C).

By Proposition 5.3, we obtain

(ρmin/ρmax) C1 Hq,β(q)
µ,ν (E : B) ≤ µ(q)(E) ≤ (ρmax/ρmin) C2 Hq,β(q)

µ,ν (E : B).

But for q, p ∈ R, α(q) �= α(p),
µ(q) ⊥ µ(p).

Hence the result follows. �

Much of this work was done as part of my doctoral dissertation [5].
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